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$0.\underline{3674301083421}??-0.\underline{3674301082389}??=\underline{1.032}???????????\cross 10^{-10}$ , (1)
, . , Hensel ,
.
Hensel , .
2 . [SY98] ,
. Cauchy-Hadamard , ( )
. [SasOO] 4
.
, . (1) ,
. (2) , . ,
. 2 Hensel ,
3 . 4 , 5
, 6 .
, .
$F(x, u_{1}, \ldots, u\ell)$ : $\mathrm{C}[x, u_{1}, \ldots, u\ell]$ , Hensel ;
$x,$ $u_{1},$ $\ldots,$ $u\ell$ : , $x$ ;





$\deg(P)$ : $P$ $x$ , $n=\deg(F)$ ;
$\omega_{1},$
$\ldots,$
$\omega_{n}$ : $F(x, 0)$ ;
$S$ : $u_{1},$ $\ldots$ , u’ , $\langle u_{1}, \ldots, u\ell\rangle$ ;
$\mathrm{S}\mathrm{y}1(P_{1}, P_{2})$ : $P_{1}$ $P_{2}$ Sylvester ;
$||P||_{p}$ : $P= \sum_{i=0}^{n}c_{i}x^{i}$ ,
$||P||_{p}=( \sum_{i}|c_{i}|^{\mathrm{p}})^{1/p}(p<\infty)$ , $||P||_{\infty}= \max_{i}|c_{i}|$ ;
$\mathrm{g}\mathrm{c}\mathrm{d}(P_{1}, P_{2})$ : $P_{1}$ $P_{2}$ .
, $F(x, u)$ $x$ , $F_{1}$. $F_{1}(x, u)\neq 0$ .
$F(x, u)=F_{0}(x, u)+F_{1}(x, u)+\cdots+F_{e-1}(x, u)+F_{e}(x, u)$ ,
(2)
$e=\deg_{u_{1},\ldots,u_{\ell}}(F)$ , $\deg_{u_{1},\ldots,u_{l}}(F_{i})=i(i=0,1, \ldots, e)$ .
Hensel , $F(x, u)$ (
). , $F(x, 0)$ $x$ . ,
, $\mathrm{R}$ .
$\mathrm{R}:F(x, u)$ , $||F(x,u)||_{\infty}\simeq 1$ $||F_{1}(x, u)||_{1}>>||F_{j}(x, u)||_{1}(j>1)$ .
, [KS97] . Mathematica
, .
2 Hensel




, $m=\# N_{G}$ , (3)
, $N_{G}$ $N_{H}$ $N_{G}\cap N_{H}=\phi$ $N_{G}\cup N_{H}=\{1, \ldots, n\}$ . . $\mathrm{g}\mathrm{c}\mathrm{d}(G^{(0)}, H^{(0)})\neq 1$
, $F(x, u)$ . ( ) , Hensel
.
Hensel , $G^{(k)}(x, u)$ $H^{(k)}(x, u),$ $k=1,2,$ $\ldots$ .
$F(x, u)\equiv G^{(k)}(x,u)H^{(k)}(x, u)$ $(\mathrm{m}\mathrm{o}\mathrm{d} S^{k+1})$ ,
(4)
$G^{(0)}\equiv G^{(k)}(x,u),$ $H^{(0)}\equiv H^{(k)}(x,u)$ $(\mathrm{m}\mathrm{o}\mathrm{d} S)$ .
, Euclid Moses-Yun $A_{:}(x)$
$B_{:}(x)(i=0, \ldots, n-1)$ .
$\{$
$A_{:}(x)H^{(0)}(x)+B_{i}(x)G^{(0)}=x^{i}$ $(i=0, \ldots,n-1)$ ,
$\deg(A:)<\deg(G^{(0)}),$ $\deg(B_{\dot{l}})\leq\deg(H^{(0)})$ .
(5)
G0 $H^{(n)}(\kappa=0,1, \ldots, k-1)$ $G^{(k)}$ $H^{(k)}$ .
Step 1 $\underline{D}^{(k)}\equiv G^{(k-1)}H^{(k-1)}$ $(\mathrm{m}\mathrm{o}\mathrm{d} S^{k+1})$ . (6)
Step 2 $D^{(k)} \equiv F-\underline{D}^{(k)}\equiv\sum_{\dot{\iota}=0}^{n-1}d!^{k)_{x}:}$. $(\mathrm{m}\mathrm{o}\mathrm{d} S^{k+1})$ . (7)
Step 3 $G_{k}=. \sum_{1=0}^{n-1}A:d_{i}^{(k)}$ , $H_{k}= \sum_{i=0}^{n-1}B_{i}d_{i}^{(k)}$ . (8)




, ( ) .
1
$F(x, u)$ $v$ , $v$ $\delta$ . , $F(x,v)$ $x$
, .
$\omega_{1}^{*},$ $\ldots,\omega_{n}^{*}$ $\sum_{1=1}^{n}.|\omega_{i}-\omega_{i}^{*}|$ $F(x,v)$ , .






$\mathrm{R}$ , $\delta\gg 1$ . , [SasOO] ,














, $G^{(0)}$ $H^{(0)}$ GCD
. , GCD Beckermann Labahn [BL98] .
2([BL98] $\epsilon$-prime)
$\epsilon(G^{(0)}, H^{(0)})$ .
$\epsilon(G^{(0)},H^{(0)}):=\inf\max\{||G^{(0)}-G^{*}||_{1}, ||H^{(0)}-H^{*}||_{1}\}$ , (12)











, , $G^{(0)}$ $H^{(0)}$ GCD
, .




$\delta=(\kappa^{-1}||G^{(0)}||_{1}+\kappa^{-1}||H^{(0)}||_{1}+\kappa^{-2})/||F(x, u)||_{1}$ . (17)
, 3 . ,





$P(x, u)=G(x, u)H(x, u)$ $G$ $H$ . ’ $||P$ ($x$ ,u)||
$||G(x, u)||_{\infty}\mathrm{x}||H$ ($x$ , u)| , . ,






$u\ell$ , $F$ ($x$ ,tu) $t$
, .
$F(x, tu)=G$ ($x,$ tu)H($x$ ,tu), (18)
, $G$ ($x$ ,tu) $H$ ($x$ , tu) $t$ , .
, .
Cauchy-Hadamard , $k\gg 1$ .
: $\frac{||G^{(k+1)}||_{\infty}}{||G^{(k)}||_{\infty}},$ $\frac{||H^{(k+1)}||_{\infty}}{||H^{(k)}||_{\infty}}=O(\delta^{-1})$ , : $\frac{||G^{(k+\mathit{1})}||_{\infty}}{||G^{(k)}||_{\infty}},$ $\frac{||H^{(k+\mathit{1})}||_{\infty}}{||H^{(k)}||_{\infty}}=O(\delta^{0})$ ,
, 0 Landau . $k\geq 1$ ,
, .
$||G_{k}||_{\infty}\approx||G_{1}||_{\infty}+(k-1)\delta^{-1}$ , $||H_{k}||_{\infty}\approx||H_{1}||_{\infty}+(k-1)\delta^{-1}$ . (19)
$G_{k}$ $H_{k}$ $\infty$ .
$||G_{k}||_{\infty}=|| \sum_{\dot{\iota}=0}^{n-1}A_{i}d_{\dot{*}}^{(k)}||_{\infty}arrow\max_{\dot{|}}||A_{i}||_{\infty}|d!^{k)}.|$ . (20)
$||H_{k}||_{\infty}=|| \sum_{i=0}^{n-1}B:d!^{k)}.||_{\infty}arrow\max_{\dot{l}}||B:||_{\infty}|d!^{k)}.|$ . (21)
$|d!^{k)}.|\}$ . (6) $||\underline{D}^{(k)}||_{\infty}\leq \mathrm{m}\mathrm{a}s\mathrm{c}:+j=k,:,j<k||G:||_{\infty}||Hj||_{\infty}=||G_{1}||_{\infty}+||H_{1}||_{\infty}+(k-2)\delta^{-1}$ \leq
. , (19) (20) ( (21)) ,
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. , $G_{k}$ ( $H_{k}$ )
, $A_{\ovalbox{\tt\small REJECT}}$ $D^{(k)}$ . ,
.
$\max_{i}||A_{i}||_{\infty}|d_{i}^{(k)}|\approx||A_{j_{1}}||_{\infty}||\underline{D}^{(k)}||_{\infty}$ , $\max_{i}||B_{i}||_{\infty}|d_{i}^{(k)}|\approx||B_{j_{2}}||_{\infty}||\underline{D}^{(k)}||_{\infty}$ , (22)
, $j_{1}$ $j_{2}$ .
$A_{G}= \max_{j_{1}}||Aj_{1}||_{\infty}|G_{1}(x, u)H_{1}(x, u)$ ( $x^{j_{1}}$ $|$ ,
(23)




$\max\{A_{G}/(||G_{1}(x,u)||_{\infty}\mathrm{x}\delta), B_{H}/(||G_{1}(x,u)||_{\infty}\mathrm{x}\delta)\}^{k}$ . (24)
1
, , (24) $\delta=1$
. , $G_{1}H_{1}$ , $G_{k}H_{k}$
, .
5
. , $x$ $u_{1}$ $n$
$e$ 100 . [-1,1] . $k$
Hensel . 1 2 , . “Actual $\delta^{-k}$ ” , $||G^{(}’||_{\infty}$
llH$(k)|$ ’ “Estimation of $\delta^{-k}$ ” , (17) , “reducible” “irreducible”
, ( , $F(x, 0)$
). 3 4 ’“Actual Errors” ,
, “Estimation of Cancellation Errors” , $($
(17) $\delta$ , ) . ,
, .
1 , $\delta$ . 2 , $\delta$
. , (16)
. , Hensel $G^{(k)}$ $H^{(k)}$ , $F$
, .
3 , , .
4 , . , Hensel
, . , $D^{(k)}\simeq 0$
$k$ , .
6









Fig. 1: irreducible, $n=5,$ $e=5$ and $k=24$ . Fig. 2: reducible, $n=5,$ $e=5$ and $k=24$.
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, $\delta$ (17) ,
, ( , 4 $\delta$ ).
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